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The influence of the normal mode rotation (i.e. the Duschinsky mixing) on the molecular 
electronic spectra in polyatomic molecules is treated by means of multidimensional intra-
molecular distributions (MID). It is shown that symmetry properties of the two-dimensional MID 
which relate emission and absorption spectra or pertain to the exchange of modes do not exist if 
the number of non-separable modes exceeds 2. Specific examples of emission band shapes are 
calculated for weakly (linear) coupled electronic states for both, zero and finite temperatures. 
The strength of the mixed quadratic interaction parameter is shown to influence the shape 
considerably. 

I. Introduction 

Electronic transitions within polyatomic mole-
cules (and impurit ies in solids) are qui te strongly 
affected by the molecular (lattice) vibrations. In 
addi t ion to the sharp absorpt ion and emission lines 
due to the purely electronic (zero-phonon) transi-
tions, there are a number of vibronic induced lines 
which produce the so-called vibrational side band 
near the 0 — 0' line and which arise principally f rom 
a linear vibrational-electronic coupling mechan i sm 
(of the Herzberg-Teller type). If highly resolved 
spectra are observed, these vibronic induced transi-
tions are assigned to the ground-state normal co-
ordinates (the so-called intensity " p r o m o t i n g " 
modes) because the electronic transition is in this 
case accompanied by the single excitation of one or 
more promot ing modes. 

There are far-reaching consequences if one or 
more "accept ing" modes are involved in the transi-
tion: These modes have not only shifted origins and 
different frequencies, in the excited electronic state, 
but they may also be rotated relative to the normal 
modes of the ground-electronic state (i.e., the Du-
schinsky effect [4]). Consequently, such modes are 
not separable 1 (or parallel), and the mul t id imen-
sional vibrational overlap, which is required for the 

1 The term "separable" implies that the equilibrium 
positions and frequencies of the normal modes in the ex-
cited state (5) are simply shifted from their values in the 
ground electronic state (/). 
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quali tat ive and quant i ta t ive unravelling of molec-
ular electronic spectra (absorpt ion and emission) 
must be expressed by a single but rather complicat-
ed quantity instead of a convolution of relatively 
simple one-dimensional over lap factors as in the 
case of parallel modes. F rom the physical point of 
view, it is the rotat ion of the normal coordinates in 
the excited state vs. ground state that makes the 
spectral l ine-shape unusually broad and complicat-
ed to interpret. In the normal case, the rotat ion 
causes an irregularly structured and shaped band 
which becomes regularly s t ructured and well shaped 
only at certain values of the rotat ion angle. 

It is convenient do discuss some of the impor tan t 
problems in these areas by reference to recent 
papers [1,2], where a theoretical rate expression for 
radiative and nonradia t ive transitions is derived. 
The transition rate is expressed in terms of a 
weighted sum (the weighting parameters being the 
interstate coupling coefficients) of l ine-shape func-
tions, which in turn are writ ten as a density-of-states 
weighted intramolecular dis t r ibut ion (ID). The ID's 
are introduced by the aid of mul t id imensional 
generating funct ions of complex variables and in-
corporate all spectroscopic parameters resulting 
f rom both linear and quadra t i c (pure and mixed) 
coupling terms. The explicit expression for the 
generating funct ion in [1] was derived for the case of 
two (N = 2) nonseparable modes. The case N = 2 
warrants special t rea tment as it exhibits special 
symmetries; these symmetr ies are impor tan t in 
establishing general relations between transit ions in 
both absorption and emission, which are qui te im-
portant in practical applications. 
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In Sect. II of this paper the case A = 2 is re-
capitulated from the s tandpoint of symmetry and 
the general expression for the cor responding case 
A = 3 is presented; it is shown that the above-
mentioned symmetry proper t ies are lost if the 
number of nonseparable modes becomes greater 
than two. The final section is devoted to calcula-
tions of spectra in which the Duschinsky rotat ion 
becomes relevant. 

II. The Generating Function 

In considering the general s tructure and relative 
intensity distr ibution within the emission (and ab-
sorption) bands associated with symmetry-a l lowed 
as well as vibronic induced electronic t ransi t ions in 
polyatomic molecules, it is convenient to start with 
the expression, 

oo 

f(co) = n Z ? \exp[it(co-Q)-y\t]G(t)dt, ( 1 ) 
^ - oo 

which constitutes a line shape funct ion for a sym-
metry-allowed electronic transit ion, sat isfying the 

1 00 

normalization condition — j / ( c o ) dco= 1. In the 
71 o 

case of vibronic induced transit ion, we need several 
line-shape function of the type (1), each of which is 
centered at Q ± cox, where h cox is the energy of the 
x-th promoting mode [1]. T h e quant i ty = 
[1 - exp ( - ti co^/kT)]"1, where denotes the 
vibrational f requency of an accepting m o d e in the 
initial electronic state (/'), is the par t i t ion func t ion 
and y = 7 0coth (h (io)/2kT) is a t empera tu re -de -
pendent width which incorporates both the radia-
tive and nonradiat ive decay of the states under 
consideration. In our t reatment , y0

 w iH t>e a ssumed 
to be constant over the whole spectral range. Mathe -
matically, the damping factor exp (— y j /!) insures 
that the pseudo Four ier t ransform (F.T.) (1) con-
verges. The t ime-dependent generat ing funct ion 2 

G (/) (G.F.) contains the t ime var iable t in te rms of 
exponentials zM = exp (/' t cojP) and 

wM = exp ( - i t co^ - h oj{?/kT) 3, p = 1, 2 , . . . , N), 

2 The exact definition and role of this generating func-
tion will be given in Section III. 

3 Or, alternatively, z^ = exp ( - i t co^) and wf, = 
exp (/' t coy — hoj\ykT) if the transition occurs in absorp-
tion. 

where coM are molecular frequencies and (5) and (/) 
denote excited and ground electronic state, respec-
tively. Thus we can treat this funct ion as a mult i -
dimensional analytical function of 2 A complex 
variables in the polycylinder 

CN(0, l)[|z,-| =1 l , | w , | < 1 , / = 1,2, . . . ,7V] 

GN{wU H'2, • • •, WN, Z\,...,ZN\{AjjJ'j^', {ßi, ßij}) 

1 N 

— n f n + ^ o + ^ i ) (2) z/v (=1 

A(w\,..., wN, I\,...,zN) 
exp 3 — 3 — 

[ 5, ( W , , ..., W A T , Z I , ..., zN) 
X 

[5, (u>,,..., wN,zu ...,zN) B2 (h'i, ..., wN, zu ...,zN)]U2 

where the complex variables w, and f , are h o m o -
graphic t ransformations of the form 

vv. = ( 1 - w , ) / ( 1 + W,) and z,- = (1 - z,)/( 1 + z,) , 

respectively. Here, A is the total n u m b e r of the 
coupled (nonseparable) normal modes and {A'j^J} 
and {ßi, ßij} which appear on the l.h.s. of (2) 
indicate two sets of spectroscopic parameters . T h e 
first refers to the geometry change (see Appendix) 
and the second one to the f requency change asso-
ciated with the 5 / transition. The expressions A 
and B\ (B2) are homogeneous polynomials of degree 
A-1-1 and A in vv, , . . . , \vN, z\,..., zN, respectively, 
which additionally depend on the spectroscopic 
parameters as well as on the normal coordinate rota-
tions. 

We now proceed to summar ize our previous 
results [1] for these functions for the case of A = 2, 
and to present new results for the case of A = 3, 
recasting them in an alternative form which em p h a -
sizes symmetry and facilitates generalization. 

A) A = 2 

In this case we have 

A (vv, , vr2, Z , , z2) = ß\ Aj1/ vv, z, z2 + ß2 A\Y H'2 Z , Z 2 

+ ß2A\nrü, w2z{ + ß\A^nywi vv2z2 , (3a ) 

B, (ü'i, vl'2, Z, , z2) = ß\ ß2 vv, U'2 + (vt'1, H'2) (3 b) 

/w{\)2ßn, w{\)2ß\lzA _ 

\ W ( t f ß 2 , W W ß 2 x ) \ z 2 ) MZ2' 

B2 (Ü'I , I V 2 , z , , z2) = vv, H'2 Z 1 z2 

• B x { ^ \ w 2 \ z i \ z 2
x ) . 



Here IF(y) are minors of the rotat ion matr ix W with 
the determinant 

W(\l) = 
cos 0 , - sin 0 

sin 0 , cos 0 
(4) 

The super index /' refers to the row and the sub 
index j to the column of the matr ix W. 

The matrix W is chosen to diagonalize the poten-
tial energy of the vibrat ional Hamil tonian in the 
excited state (5). This can be accomplished, as 
derived in the Append ix by a l inear t ransformat ion 

(5) q * = W q ' + k 1 2 

requiring 

w U w W~' = D 5 , (6) 

where U(5) is the 2 x 2 matrix of the potential energy 
(see Appendix) and W _ I is the inverse matr ix of W. 

This requirement is easily satisfied by imposing 
that 

2 m 
20 = arctg (7) 

t / f f - t / g 

Because of the interaction there is a tendency 
for the motion of the oscillators to be correlated and 
this leads to a change of the f requencies of the 
system (relative to the ground electronic state) and 
to a rotation in the configurat ion space spaned by 
the normal coordinates, q[ and q2. The translation 
vector in (5), k12 = col k $ ) , is chosen to re-
move the linear t e rms f + q' in the potential energy of 
the vibrational Hami l ton ian hs. These linear terms 
arise, as outlined in the Appendix, f rom the excited 
state distortion, (RQ — R6), relative to the ground 

state equi l ibr ium positions RQ. The essential thing 
to be noted here is that owing to the normal co-
ordinate rotations, two addi t ional d isp lacement 
parameters are generated. These are 

k ( i 2 ) = w - i k ] 2 ( 8 ) 

where k(12> = col (A:i'2), k[n)). Both k12 and k (12) are 
directly related to the dimensionless d i sp lacement 
parameters appear ing in (3 a), namely 

(9 a) 

4 l 2 > = ( a > f W / 2 k \ l 2 > . ( l = l 2 ) (9 b) 

(A\2 are the usual F ranck-Condon displacements 
appear ing in the parallel m o d e approx imat ion . ) The 
frequency changes associated with the transi t ion 
s -* I are comprised in the ^-factors appea r ing in 
(3 a —c). They are def ined by the rat io of f requen-
cies in the 5-th and /-th electronic mani fo lds as fol-
lows: ß, = (D^/cof and ßtJ = o j ^ / o f . 

If the off-diagonal term Ujf is neglected, the 
normal coordinates qs and ql are t reated as parallel , 
because now 0 = 0 and the oscillators v ibra te inde-
pendently of one another . Fu r the rmore , in this case, 
it is easily seen f rom (3) and (9) that 

A 

ß\ W, +2, 
+ 

ß2 w2 + z2 

B\ = (Ai w, + z\)(ß2w2 + zj) , 

B2={ü, + ß, z])(w2 + ß2z2), 

(10) 

(11) 
(12) 

and. therefore the G.F . (2) for N = 2 is a p roduc t of 
two single-mode generating functions, each of which 
has the form 

G](w,z,A,ß) = j ß U 2 ( l + w)(\+z) 

exp 
ßA2wz 

vv + z 
(13) 

[(ßw + z)(w + ßz)]U2, 

where ß = co^/co{l) and A2 = (co^/ti) (q'Q - q$2. 
We have remarked before that the G.F . (2), with A, Bu and B2 given by (3), has cer ta in symmetry 

propert ies that are of interest. In order to discuss these proper t ies , it is convenient to rewri te the two-mode 
generating function in the following form which explicitly reveals the dependence of G2 upon the molecular 
parameters: 

G2\Wi,W2, ZJ, z2 
A\l A® 

A\X2\A(P 
ß\,ß2 

/ W 2 1 
= — ß\/2ß22(\ + W,)(l + VV2)(1 + Z , ) ( 1 +Z2) 

exp 
A (H>!, VV2, Z\, z2) 

B1 (wu w2,zj,z2) 
1/2 (14) 



Adopting this notat ion and taking into account that W( \ ) = W(I) = cos , we have the relation 

G21 vv,, w2, zuz2 
M9 A? 

= G2\ZI, Z2, W,, W2 A\xI A\V ßiißii 

(15) ßußi 

ßn.ßii 

which follows directly f rom (3), (4) and (14). Thus , the G.F . has a very s imple symmetry with respect to the 
interchange of vv, and f , which may be fo rmula ted as follows: The G.F . (14) is invar iant under the 
interchange vv, f , (and also vv,- ^ z ;) if, s imul taneously , the shift pa ramete rs A {\\ are in te rchanged with the 
A^2) and the f requency factor ß( and ßtj are replaced by the reciprocals ß~l and ßj}\ respectively. The physi-
cal significance of this will be apparen t when we later in t roduce the in t ramolecular dis t r ibut ion ( ID) . 

Another useful relation, which is still easier to derive, is the invariance of G2 under the ope ra t i on f l ip 
1 «=* 2, symbolized by the equat ion 

aVIA2] ß„ßi / AlM'l ß2,P, \ 

A \ M , J [ M ' ß N . ß J ~ G A W L ' W " : I - : ' A I , J ' 

This characteristic follows directly f rom the fact that W( 2 ) 2 = IF ( f ) 2 = sin2<£> and W ( | ) = W( 2 ) = cos <£, i.e. 
f rom the symmetry of the 1st c o m p o u n d mat r ix of W [7] which appears in (3 b). An impor tan t appl ica t ion 
of these expressions (which will be pos tponed to the next section), is in the discussion of the relat ion 
between emission and absorpt ion. Both (15) and (16) are qui te useful in practical appl icat ion. 

2 w\•> h '2, - 1 , - 2 (16) 

B) A7 = 3 

We have seen that in the special example of two nonseparab le oscillators, the G.F . for the vibrat ional 
overlap exhibits two symmetry proper t ies fo rmula ted in (15) and (16) which follow f rom the symmet ry of 
the 1st compound matr ix W appear ing in (3 b). F o r the three-oscil lator problem, the h o m o g e n e o u s poly-
nomials in vT'], v?2, H'3, z\, z2 and z3 appear ing in (2) become 

A (w,, H2, U'3, z , , z2, z3) = ß\ A^23 W\ Z\ z2 z 3 + ß2A\2}3 w2 r , z2 z3 + ß3 A$3 w3 

I ß f ß v A y ß\ ßiA?* ß\ ß i A ^ \ /r, z} 
+ (vv, vl'2, VV, VV3, H>2 vT'3) ß3 a\\'y ßfßnA?'' ß\ ßiA^ z, 

\ ß i A r ß i A \ T ß V ß 3 ] A ? r ! \ z 2 

+ ß2 ß3A\my vv, vT'2 vT'3 z, + ßx ß3AV23y vv, vT'2 vv3 z 2 + ßx ß2A^y vT, vT'2 vv3 z 3 

-2 - 3 

(17a) 

and 

B | (W',, W2, VV3, z , , z 2 , z 3 ) = /?, ß2ß3 w, w2vv3 

(W(%)2 ß\2 ß23 IF(|2)2 ßx ß23 W(\2
2)2 ßx ß2 

+ (vT, vv2, vT', vv3, vv2 vv3) W{£)2ßnß3 W{\])2ßx ß3 W{\\)2ß, ß32 

Will)2 ßl ßi W(?3)2 ß2x ß3 W(2
2)2 ß2] ß32/ 

lw{\)2ß,3 W(2
3)2ß23 W{])2ß3\tw\ 

+ (z, z2 , z, z 3 , z2z3) \W{\)2ß]2 W{2
2)2ß 2 W{\)2ß32\\ü2\+z,z2z3 

\w{\)2ß\ W(2)2ßlx W(])2ßJU-3 

B2{\ V, , U'2, H ' 3 , Z | , Z 2 , Z 3 ) = VV, U'2VV3Z, Z2Z3 Ä 1 ( W , 1 , W 2
1 , H'31, Z, Z 2 \.Z3 ' ) . 

In analogy with (9) the dimensionless shift pa ramete r s on the r.h.s. of (17a) are def ined as fol lows: 

a (0 _ oV2,,(i) 
^ 123 Pi! k 123 

( / = 1.2, 3) 

(17b) 

(17c) 

(18a) 

(18b) 
and 

= ß\? W , A™ = ß\/2 k ^ , 4'33) = ß\? k ^ , 

(18c) 



with 

ßu = (oJ^/ti), ßls=(a 

Apart f rom a phase factor ± 1, the dimensioned shift pa ramete r s are given by 
k ( l 2 3 ) = W - 1 k ) 2 3 5 ( 1 9 a ) 

k W = W{\) Atj23 - ^ ( 1 ) , = - IF(2) fcfö + k?2\ , = - W{j) A:123, (19b) 

^ = "̂123 - -̂123 , M'33) = - + , *g3> = * ( ? ) " , (1 9 0 

*(?> = - M?3 , * i ? } = - W& k?2\ + IF( 2 ) 123 , k™ = *i?3 " . C19d) 

Here fV(j//) and I F Q are, as before, minors of the orders 2 and 1 of the ro ta t ion mat r ix W. In te rms of the 
three Eulerian angles 0, 9, y/, the corresponding de te rminan t is [3] 

^ ( 1 8 ) = 

cos 0 cos 9 cos y/ — sin 0 sin y/ sin 0 cos 9 cos y/ + cos 0 sin y/ — sin $ cos ^ 
— cos 0 cos 0 sin yj — sin 0 cos y/ — sin 0 cos 9 sin y/ + cos 0 cos y/ sin 9 sin y/ 

cos 0 sin 9 sin 9 sin 0 cos 9 
(20) 

where 0^0 0 ^ (// ^ 2 7rand 0 ^ 9 ^ n. Equa t ion (19 a) evidently def ines a set of d isp lacements 
exactly analogous to (8) for the case A = 2, while (19b— 19 d) have no parallels in the A = 2 case. As 
before, the normal coordinate rotation W generates f rom the usual (d imens ioned) F r a n c k - C o n d o n shifts 
k \ 2 2 = col (A|23, &123, ^123)' appropr ia te for the parallel m o d e approx ima t ion , addi t iona l sets of shifts 
parameters , the n u m b e r of which increases with increasing A. 

With the aid of (17) we now consider the quest ion of the symmet ry of the G.F . , (2), for A = 3. Firstly, 
we note that if a symmetry associated with an interchange of vv, and z, l ike that symbolised by (15) should 
exist, the squared matr ix elements of the 2n d compound matr ix in (17 b) mus t be equal to the correspond-
ing squared matrix elements of the 1st compound matr ix . This impl ies (cf. (17)) for example tha t 

w ( B ) = ± » ' ( J ) , ^ ( ! 2 ) = ±w(b 
etc. 

However, with the help of the de te rminant (20), we have 

^ (23) = IF(?) = cos<Z>sin0* W(\) = - sinfl cos yj , 

!2) = ^ ( 2 ) = - sin 0 sin 9 * W(f) = sin 9 sin y/ 

f rom which it follows directly that an equat ion s imilar to (15) which holds for N = 2 cannot be real-
ized in the case A = 3. It is fur ther obvious f rom the relat ions above tha t the A = 2 symmet ry proper ty of 
(16) does also not exist in the case N = 3. This is a direct consequence of the proper t ies of the matr ices 
appear ing in (17) which are constructed f rom the 2nd and 1st c o m p o u n d matr ices of the 3-d imens ional 
rotation matrix W 4 . T h e same holds also for A = 4 with obvious general iza t ions to h igher A. For ex-
ample, for four nonseparable modes (A = 4) the invar iance of the G . F . (2) with respect to the in terchange 
Wj Z/ implies that 

W( j ) = ± W( ji) for all /,./ = 1, 2, 3, 4 . (21) 

Fur thermore , the 2th compound matr ix of W must be e i ther symmet r ic or mus t possess certain proper t ies of 
an antisymmetric matrix. Since all these condit ions are not sat isf ied, we conclude that the special symmetry 
propert ies of the G.F . for A = 2 are lost in the general case of A ^ 3. 

4 The homogeneous polynomials A (vv,,..., vv3, z , , . . . , z3) can always be chosen symmetric with respect to the in-
terchanges Wj <=* Z-, by a proper normalization of the dimensionless shift parameters A$3, A ^ and A^23) and the inter-
changes Aj% Aj,23) and Atf ** AW. 



III. The Line Shape Function 

The theory presented in the previous section [culminat ing in (2)] is directly appl icable to the calcula t ion 
of the spectral band shape of the electronic transi t ions in polya tomic molecules. In doing this, we begin 
by expanding the G.F . in a mul t ip le -power series in the polycyclinder C,v(0, 1) [ |z, ^ 1, w, < 1, 
/ = 1 , 2 , . . . , A ] 5 

00 00 

fflj, . . . , tTly — 0 tl\y . . . , rift — 0 
{ßi, ßij}) H - r . - . H ' ^ r ? ' . . . ^ . (22) 

The quantity IN, which will be used below to express the intensity dis t r ibut ion associated with electronic 
transitions in polyatomic molecules, is the in t ramolecular d is t r ibut ion (ID) of the d imens iona l i ty A. It ex-
presses the relative transit ion probabi l i ty of going f rom a single vibronic component L^Wi m 2 , . . . , m^) , 
into the ground state mani fo ld lnu...,nN) and, vice versa, in absorpt ion. For N = 2, the relat ion 
between these transitions is governed by the fol lowing equat ion , 

n2 

\m |, m2 

A\\\A$ ßußi \_ . /m„m2 

A\l2\4l2h,ßn,ßJ~l2Wn2 An, An ' ßi\,ß~\ ^ 

which follows directly f rom the symmetry of (15) by apply ing (22). (23) allows us to predic t the spectral 
band shape in absorpt ion, if the spect rum in emission is known and vice versa. Part icular ly, (23) shows 
that the conditions for the occurrence of mir ror symmet ry of absorpt ion and emission spectra are 
(t> = 0 (zf(

12 = A- l2)) and /?, = 1 ( / '= 1,2). This can be fulf i l led only in purely linearly in teract ing systems. 
For system with A ^ 3, which contain quad ra t i c interact ion terms, a symmetry of the type (23) does 
not exist (as pointed out in the previous section), and consequently there is no re la t ionship be tween 
absorption and emission. 

Returning now to (22), we have 
1 I ftm + n c J I f/fii-.-ip Iß o )\ _ 1 ' U KJf ' N X n , nN I l ^ / t . . . / „ > < lP /> Piji) ~ 

n m). n\ 
ÖH'^. . . Ö H ' ^ ö r f 1 . . . Ö4f 

which, in principle, is mathemat ica l ly s imple but , in practice, tedious to per form. There fo re , in [2] four-
term recurrence equat ions have been derived which enable us to calculate the values of I N for a rb i t ra ry 
numbers /;?, and n,. As an illustration of such calculat ions, we consider the I 2 d i s t r ibu t ion for 

m | = m2= 0 
(Figure 1). The linear shift pa ramete rs k\2 are chosen appropr ia t ly for strongly coupled states (strong linearly 
interacting system). T h e curves in Fig. 1 are loci of equal values of / 2 . As the angle <P of ro ta t ion varies, the 
curves move in the ri\, n2 plane running for special values of <?> close to the ri\ axis or close to the n2 axis. 
Note that the 0 - d e p e n d e n c e of / 2 arises f r o m inclusion of the mixed quadra t i c interact ion t e rm t/{2 , as pre-
viously mentioned in Section II. 

If one or both of the m, number s d i f fe r f rom zero the surface of / 2 is still more compl ica ted ; it then 
possesses two max ima for w, = 1, w 2 = 0 (mi = 0, m2 = 1), four max ima for m\ = m2= 1, th ree m a x i m a 
for m\ = 2, m2 = 0 (mi = 0, m2 = 2), etc. 

For smaller linear displacements k\\ (weakly l inear interacting system), it is diff icul t to present the ^ - s u r -
face graphically. In this case, the in t ramolecular d is t r ibut ions have appreciable values only nea r the 0 — 0' 
line reflecting the increased overlap of the wavefunc t ions in the vicinity of n\ = n2 = 0. In o rde r to investigate 
this behaviour, we prefer a presentat ion of / 2 by means of the spectral line shape funct ion given by (1). By 



substituting (22) in (1), and returning to the t ime dependent representa t ion of G N , we easily f ind that 

/ ( c o ) = (1 - exp (ti co\s)/k T)) (1 - exp (h co^/k T)) (24) 

2 y exp [ - h (m, co(,5) + m2 co(
2

s))/k T] Z Z — 
m,.«,-o hi,»i-o (CO - Q - m, co(,f) - m2 co^ + w, co? + n2 co?)2 + y2 ~\n\H2 

m i m 2 A 12 ßußl 

ßn.ßix 

where we have restricted ourselves to the case N = 2 
in the calculation presented below. In writing (24), 
we have tacitly assumed that the initial state is the 
electronically excited state. T h e line shape in ab-
sorption analogously can be calculated replacing 
coj*' with co? in the Boltzmann factors in (24) and 
invoking the symmetry proper ty of I 2 (see (23)). 

In order to get a visual idea of what complicated 
situations arise when m o d e mixing takes place, we 
illustrate in Fig. 2, via (24) the line shape / ( c o ) for 
several angles of rotat ion 0 . The spectra are cal-

Fig. I. Contour map of ^ ^ ^ ^ j j 

for strongly coupled electronic states (large Franck-Con-
don displacements A\\). The mixed quadratic interaction 
term is varied by changing the angle of rotation <£ (taken 
in counterclockwise direction). Other spectroscopic param-
eters are indicated in the figure. 

culated for weakly l inear (A^ = 1.0, A{$ = 0.5) and 
quadrat ic interactions, of mode ra t e strength 
(A, = 0.9, ß2 = 1.25, ß\2 = 0.36, ß2\ = 3.0) where the 
mixed quadrat ic interaction term is var ied by 
changing the angle of rotation 0 (cf. (7)). As may be 
seen in Fig. 2 a, the spect rum is domina ted by the 
0 - 0 ' line and by progressions in the two accept ing 
modes. The intensity dis t r ibut ion within the pro-
gressions is governed by the ID. Apar t f r o m these 
lines, a large n u m b e r of combinat ion- l ines can be 
assigned. In contrast to the parallel m o d e ap-
proximation (at 0 = 0), there are two ext reme situa-
tions with predominant ly single m o d e progressions. 
Thus, at 0 = 15°, the progression in co? = 100 c m - 1 

of the first accepting m o d e domina tes , while the 
second mode with the f requency co? = 240 c m - 1 is 
suppressed. At 0 = 1 1 0 ° ( - 7 0 ° ) , the reversed 
situation is observed. This allows us to conclude 
that in these situations, the 2-dimensional ID 
behaves as an ID of the dimensional i ty one being 
distributed first mainly along the n\ axis and then 
along the n2 axis; this is an effect which we have 
already portrayed for strongly coupled states (large 
linear interaction terms A\ \ in F igure 1. Fo r o ther 
angles of rotation (for example 0 = 60° ) , the lines 
(peaks) in the spect rum are more or less scrambled . 

As a fur ther striking aspect of m o d e mixing, we 
note an appreciable spread or b roaden ing of the 
over-all spectral band-shape (on the low-energy 
side) as the angle 0 increases. This is i l lustrated 
by a considerable enhancement of the n u m b e r of 
members in the single m o d e progression f r o m 3 for 
0 = 15° to about 8 for 0 = 110° ( - 7 0 ° ) ; this ef-
fect has already been observed for strongly coupled 
states [2], 

As the t empera ture is raised, the individual lines 
in the spectrum broaden , the peak intensity de-
creases and the low-energy side of the spectral band 
becomes uniformly smoothed . Simul taneoulsy, the 
thermal popula t ion of the initial (excited) levels 
contribute to the transitions, localised on the high-
energy side of the spectral band . The structural 



Fig. 2 a. Highly resolved (y = 10 cm -1) zero-temperature spectral band shape calculated for weakly coupled states 
( i f r = 1.0. j{v = 0.5). The strength of the mixed quadratic interaction parameter (expressed in terms of the angle of 
rotation <Z>) is shown to influence the shape considerably. Some of the vibronic components have been assigned. 

nature of the spectrum is, however, essentially un-
changed (see Figure 2 b). 

The examples presented above should provide 
some idea of how the ID technique may be useful 
in interpreting the complexit ies observed in real 
molecular spectra. 
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Appendix 

In polyatomic molecules, the normal coordina tes 
of one molecular (electronic) state are expressed in 
terms of those of the other states as pointed out by 
Duschinsky [4], In particular, we have 

q v = W q'-f k12... AT , ( A l ) 

where (s) and (/) denote excited and ground elec-
tronic states, respectively and N is the n u m b e r of 
nonseparable modes. This can be carr ied out by the 
matrix method of Wilson et al. [5]. In this approach , 
the relationship between the mass-weighted Car te-
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Fig. k The same as Fig. 2a at room temperature ( T = 300 K and for y = 10 coth (200/7)). 

sian displacements zlR and the normal coordinates q 
is given by 

J R ^ U ' q ' , (A2) 

where L' is the orthogonal t rans format ion 5 tha t 
diagonalizes the force constant matr ix in te rms of 
mass-adjusted Cartesian coordinates. The ana logous 
expression for the excited electronic state (5) is 

zlR = L ' q v . (A3) 

6 The L' matrix corresponds to the (/'),, matrix in the 
Wilson-Decius-Cross notation (see [5], Chapter 2). Faulk-
ner and Richardson use the notation U for L'. 

The connexion between A Rs and A R' is [6] 

J R5 = zf R' + (R^ - RQ) , (A4) 

where Ro (Ro) denotes the equi l ibr ium posi t ion of 
the molecule in the ground (excited) electronic 
state. Note that in ( A 1 - A 4 ) , as in the fol lowing 
equations, boldface letters are co lumn vectors, or 
square matrices. F rom (A2 —A4), we have 

q5 — (L'V L'V + (L'T (Ri-Rh) (A 5) 

because of the orthogonality of 1 / (1 / ) . 
On setting W = (L")+ L ' ; a n d 

^i2...jv = ( L ' ' f ) + ( R o - Ro) 



(A5) is reduced to (A l ) . In (A5), L'+ is the 
transpose of L'. 

In the normal coordinates q', the vibrat ional 
Hamil tonian is 

h'=\p' + j q ' D ' q ' , (A6) 

where p ; is the momen ta conjugate to the normal co-
ordinates q ; (p^ = — iti 9 / 0 ^ ) and D' is the diagonal 
matrix of vibrational eigenvalues obta ined by 
diagonalizing the mass-weighted Cartesian force 
constant matrix for the ground electronic state F' 

D ' = (L")+ F ' L " = diag (co^,..., cotf) . (A7) 

Analogously, we have for the excited (electronic) 
state 

(A 8) 

with 

D' = (L , f )+ Fv L'v = diag ( w f , . . . , ooff ) . (A9) 

On returning to the t ransformat ion (A5), we easily 
see that 

p f = ( L ' V L ' V . 

Squaring the operator , we obtain, 

i.e., the kinetic energy remains invariant under the 
t ransformat ion ( A l ) . Insertion of (A5) into the 
potential energy opera tor of hs yields 

q + D s qs = (RQ — RO)+ L'J D s (L'5)+ (Ro - R6) 

+ 2(R()-RS
0)+FS V q 1 

+ q / + ( L ' / ) + F ? L ' / q / , (A 12) 

where in the second and third term of (A 12), use 
has been made of (A9). After inserting ( A l l ) and 
(A 12) into (A8), the vibrat ional Hamil tonian for 
the electronic excited state (expressed in terms of 
the ground normal coordinates) may be writ ten in 
the form 

hs = 4 P/2 + j q/+ q' + f + q '+ h0 , 
2 " 2 

where we have set 

(A 13) 

(A 10) 

VS = ( L ' V VS V and f = (L'')+ ¥S (RQ - RG). 

and h0 is the constant factor in (A 12). 
Since generally F5 =t= F', the matr ix U J has off-

diagonal elements and, therefore , the diagonal 
nature of the quadra t ic fo rm in h is not re tained 
when going f rom the ground to the excited state. 
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