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The influence of the normal mode rotation (i.e. the Duschinsky mixing) on the molecular
electronic spectra in polyatomic molecules is treated by means of multidimensional intra-
molecular distributions (MID). It is shown that symmetry properties of the two-dimensional MID
which relate emission and absorption spectra or pertain to the exchange of modes do not exist if
the number of non-separable modes exceeds 2. Specific examples of emission band shapes are
calculated for weakly (linear) coupled electronic states for both, zero and finite temperatures.
The strength of the mixed quadratic interaction parameter is shown to influence the shape

considerably.

I. Introduction

Electronic transitions within polyatomic mole-
cules (and impurities in solids) are quite strongly
affected by the molecular (lattice) vibrations. In
addition to the sharp absorption and emission lines
due to the purely electronic (zero-phonon) transi-
tions, there are a number of vibronic induced lines
which produce the so-called vibrational side band
near the 0—0’ line and which arise principally from
a linear vibrational-electronic coupling mechanism
(of the Herzberg-Teller type). If highly resolved
spectra are observed, these vibronic induced transi-
tions are assigned to the ground-state normal co-
ordinates (the so-called intensity ‘“promoting”
modes) because the electronic transition is in this
case accompanied by the single excitation of one or
more promoting modes.

There are far-reaching consequences if one or
more “accepting” modes are involved in the transi-
tion: These modes have not only shifted origins and
different frequencies, in the excited electronic state,
but they may also be rotated relative to the normal
modes of the ground-electronic state (i.e., the Du-
schinsky effect [4]). Consequently, such modes are
not separable' (or parallel), and the multidimen-
sional vibrational overlap, which is required for the

! The term “separable” implies that the equilibrium
positions and frequencies of the normal modes in the ex-
cited state (s) are simply shifted from their values in the
ground electronic state (/).
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qualitative and quantitative unravelling of molec-
ular electronic spectra (absorption and emission)
must be expressed by a single but rather complicat-
ed quantity instead of a convolution of relatively
simple one-dimensional overlap factors as in the
case of parallel modes. From the physical point of
view, it is the rotation of the normal coordinates in
the excited state vs. ground state that makes the
spectral line-shape unusually broad and complicat-
ed to interpret. In the normal case, the rotation
causes an irregularly structured and shaped band
which becomes regularly structured and well shaped
only at certain values of the rotation angle.

It is convenient do discuss some of the important
problems in these areas by reference to recent
papers [1, 2], where a theoretical rate expression for
radiative and nonradiative transitions is derived.
The transition rate is expressed in terms of a
weighted sum (the weighting parameters being the
interstate coupling coefficients) of line-shape func-
tions, which in turn are written as a density-of-states
weighted intramolecular distribution (ID). The ID’s
are introduced by the aid of multidimensional
generating functions of complex variables and in-
corporate all spectroscopic parameters resulting
from both linear and quadratic (pure and mixed)
coupling terms. The explicit expression for the
generating function in [1] was derived for the case of
two (N =2) nonseparable modes. The case N =2
warrants special treatment as it exhibits special
symmetries; these symmetries are important in
establishing general relations between transitions in
both absorption and emission, which are quite im-
portant in practical applications.
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In Sect. II of this paper the case N=2 is re-
capitulated from the standpoint of symmetry and
the general expression for the corresponding case
N =3 is presented; it is shown that the above-
mentioned symmetry properties are lost if the
number of nonseparable modes becomes greater
than two. The final section is devoted to calcula-
tions of spectra in which the Duschinsky rotation
becomes relevant.

I1. The Generating Function

In considering the general structure and relative
intensity distribution within the emission (and ab-
sorption) bands associated with symmetry-allowed
as well as vibronic induced electronic transitions in
polyatomic molecules, it is convenient to start with
the expression,

HZ" jexp[zr(w Q) -yt G@)de, (1)

-

f(w)=

which constitutes a line shape function for a sym-

metry-allowed electronic transition, satisfying the
[c o}

1
normalization condition — | f(w)dw=1. In the
T o

case of vibronic induced transition, we need several
line-shape function of the type (1), each of which is
centered at Q * w,, where 1 w, is the energy of the
»-th promoting mode [1]. The quantity Z,=
[1 —exp(—h"/kT)]™', where «{ denotes the
vibrational frequency of an accepting mode in the
initial electronic state (7), is the partition function
and y=ygcoth(h{w)/2kT) is a temperature-de-
pendent width which incorporates both the radia-
tive and nonradiative decay of the states under
consideration. In our treatment, y, will be assumed
to be constant over the whole spectral range. Mathe-
matically, the damping factor exp (— y|¢]) insures
that the pseudo Fourier transform (F.T.) (1) con-
verges. The time-dependent generating function ?
G (1) (G.F.) contains the time variable ¢ in terms of
exponentials z, = exp (i t ! Dy and

wy=exp(—ito®-ho®/kT)3 u=12,..,N),

2 The exact definition and role of this generating func-
tion will be given in Section III.

*Or, alternatively, z,=exp(—itw{’) and w,=
exp (it —h &{/kT) if the transition occurs in absorp-
tion.
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where w, are molecular frequencies and (s) and (/)
denote excited and ground electronic state, respec-
tively. Thus we can treat this function as a multi-
dimensional analytical function of 2N complex
variables in the polycylinder

CyO, D[zl=1,wl<1, i=12..,N]
Gy(Wi, Wa, ..., W, 21, .., 2N [ {455 h,,{ﬂi,ﬂ,j})
N
=—1NI=I/>’,”2(1+w )(1+2) )
exp | — A(»fv,,...,»fr,v,hi],... :f)
B, (Wi, ..., W, 21, ..  2N)
B P1 s W Z1s oo s 20 B2 (91, oovs ¥ Z1e s ZD 2

where the complex variables w; and Z; are homo-
graphic transformations of the form

lT',=(l—w,»)/(l+w',~) and _:,'=(1_Z,')/(1+Z,‘),

respectively. Here, N is the total number of the
coupled (nonseparable) normal modes and {4 ik ’j}
and {f;, f;; which appear on the Lhs. of (2)
indicate two sets of spectroscopic parameters. The
first refers to the geometry change (see Appendix)
and the second one to the frequency change asso-
ciated with the s < / transition. The expressions A4
and B (B;) are homogeneous polynomials of degree
N+1 and N in wy,...,wy, Z|,..., Zy, respectively,
which additionally depend on the spectroscopic
parameters as well as on the normal coordinate rota-
tions.

We now proceed to summarize our previous
results [1] for these functions for the case of N =2,
and to present new results for the case of N =3,
recasting them in an alternative form which empha-
sizes symmetry and facilitates generalization.

A) N=2
In this case we have
AWy, %y, 21, 59) = A% 2 5+ Brd Wy 2 25
+ B Ay Wy 2+ B AP Wy 5y, (3a)
By (w1, W, 21, 23) = B B2 Wy Wy + (W1, W) (3b)

(W(z) Bra. W (1) /”1)(5)+
W32 B W P

ty
ty

)

Z

Bz (ﬁ'], )T‘z, :_1. 52) = \T‘] W f] 52

BI ("Iv]_s"t'7 --l "'21)
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Here W (j) are minors of the rotation matrix W with
the determinant
cos®, —sin®

W (i3) = (C))

sin®, cos® |’

The super index i refers to the row and the sub
index j to the column of the matrix W.

The matrix W is chosen to diagonalize the poten-
tial energy of the vibrational Hamiltonian in the
excited state (s). This can be accomplished, as
derived in the Appendix by a linear transformation

¢=Wq'+kp (5)
requiring
WU Wl=D?, (6)

where U® is the 2x2 matrix of the potential energy
(see Appendix) and W™ is the inverse matrix of W.
This requirement is easily satisfied by imposing
that
208
2 @ = arctg [ o US?] : @)
Because of the interaction U{Y, there is a tendency
for the motion of the oscillators to be correlated and
this leads to a change of the frequencies of the
system (relative to the ground electronic state) and
to a rotation in the configuration space spaned by
the normal coordinates, ¢/ and ¢5. The translation
vector in (5), ki, = col (k1?, k{¥), is chosen to re-
move the linear terms f* q' in the potential energy of
the vibrational Hamiltonian 4°. These linear terms
arise, as outlined in the Appendix, from the excited
state distortion, (R)— R§), relative to the ground
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state equilibrium positions Rj. The essential thing
to be noted here is that owing to the normal co-
ordinate rotations, two additional displacement
parameters are generated. These are

K02 = Wk, ®)

where k(? = col (k{'?, k§'?). Both k;, and kU2 are
directly related to the dimensionless displacement
parameters appearing in (3a), namely

49 = (@P/m)? k3,

492 = (0O/h) 12 k(1D

(%)
(9b)

=12

(41} are the usual Franck-Condon displacements
appearing in the parallel mode approximation.) The
frequency changes associated with the transition
s — [ are comprised in the p-factors appearing in
(3a—c). They are defined by the ratio of frequen-
cies in the s-th and /-th electronic manifolds as fol-
lows: §;= 0/’ and B;;= w{/w.

If the off-diagonal term U is neglected, the
normal coordinates ¢° and ¢’ are treated as parallel,
because now @ = 0 and the oscillators vibrate inde-
pendently of one another. Furthermore, in this case,
it is easily seen from (3) and (9) that

1) 2 - =
4 _ Biay wiz  BraR w,z

. 10
B, Biw+ 2, Bawr+ 2y (10)
Bi=Biw +Z) (2w + Z2), (1)
By= W+ B Z2)(W2+ B2 22), (12)

and, therefore the G.F. (2) for N =2 is a product of
two single-mode generating functions, each of which
has the form

pA*WzZ
! | pwez
- L V) - >
G (w,z, 4, p) 2,@ (l+w)(l+Z)[(ﬂw+2)(w+ﬂ2)]l/2’ (13)

where f = 0®/w® and 4% = (/1) (96— 48)*.

We have remarked before that the G.F. (2), with 4, B, and B, given by (3), has certain symmetry
properties that are of interest. In order to discuss these properties, it is convenient to rewrite the two-mode
generating function in the following form which explicitly reveals the dependence of G, upon the molecular

parameters:

4, 48 B, B2 )
AEIZ)vA(ZIZ)’ ﬂlz’ ﬂZl

GZ(Wl’wb:lsZZ 4

=iﬂ}/2/>’5’2(1 +w) (1 +wy) (1 +2)(1+2)

AWy, Wy, 2, 22)

exp

B, (W, W), 21, Z)

X =
—— ¢ ———— _»
[By (W, Wy, Z1, Z3) By (Wy, Wy, 21, W2)]"/

(14)
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Adopting this notation and taking into account that W (}) = W (3) = cos @, we have the relation

As[) A(z) ,Bl,ﬁz AﬁlZ)’A§l2). ﬂ]—l,ﬂfl) (15)
A2 452" By, o 419, 4" il B3

which follows directly from (3), (4) and (14). Thus, the G.F. has a very simple symmetry with respect to the
interchange of w; and Z; which may be formulated as follows: The G.F. (14) is invariant under the
interchange w; 2 Z; (and also w; 2 z,) if, simultaneously, the shift parameters A3 are interchanged with the
4" and the frequency factor ﬁ, and f;; are replaced by the reciprocals ;' and B!, respectively. The physi-
cal significance of this will be apparent when we later introduce the intramolecular distribution (ID).
Another useful relation, which is still easier to derive, is the invariance of G, under the operation flip
1 2 2, symbolized by the equation

ASIZ)S AEZZ) 51’/}2 Aﬁzz)v A(IIZ) ﬂZa ﬁl
12) ]2): = GZ Wa, Wy, 22,2 12) (|2); .
41,4827 By, Py 482,412 By, Bra

This characteristic follows directly from the fact that W (})?= W (})?>=sin’® and W (})= W(3) =cos ?, i.e.

from the symmetry of the 1 compound matrix of W [7] which appears in (3b). An important application

of these expressions (which will be postponed to the next section), is in the discussion of the relation
between emission and absorption. Both (15) and (16) are quite useful in practical application.

Gz(w,.wz.:l,zz ) = GZ(:]’ZL Wi, Wy

Gz(”‘m W2, Z1, 22 (16)

B) N=3

We have seen that in the special example of two nonseparable oscillators, the G.F. for the vibrational
overlap exhibits two symmetry properties formulated in (15) and (16) which follow from the symmetry of
the 1% compound matrix W appearing in (3b). For the three-oscillator problem, the homogeneous poly-
nomials in W, Ww,, w3, 2|, Z; and Z3 appearing in (2) become

A (W), Wo, W3, 21, 52, 53) = B1 A\S W) 2 55 25+ Brd D3 9,2, 2, 2 3+ﬂ3 212,23

BB AP By AP By Brasy”

55
+ (W) Wy, Wy W3, Wy W3) 5345123)2 /)’13’2,312413'323) B ﬂzé'&]f)z 2123
B34% pr a3 B3 45 \2 75
+ By B3 AV Wy Wy 2y 4 By B3 8Py W3 2y 4 By B APy g s 25, (17a)
By (W1, W, W3, 21, 22, Z3) = By B2 B3 Wy Wy s
(9?2 B12 By W32 BBz WD B B2 Z
+ (8 W, W ws W) (WA BB WAD BB WD BB || 2
WE? BB WE BuBhs WE? BB/ \ 5
W2 Bz W3 B WE? B\ [ 7w
+ (2122, 2,23, 22 23) W2 B WE? B WE? || v ) +21 55, (17b)
and WMs WE?Ba WE? )\ ms
By (W1, Wq, W3, Iy, 5y, Z3) = Wy Wo w3 2 5 23 By vy Lwa !, w3, 27 25 25 (17¢)
In analogy with (9) the dimensionless shift parameters on the r.h.s. of (17a) are defined as follows:
A\ = Bkl (182)
(i=1,273)
Af»m /31/2/\“23) (18b)

and

—_ pl2 1.(12) (13 172 1.(13) (12 1/2 7.(12) 23) _ I/2 23) 13 172 1.(13
AP=p7k2, AP =p7kY, v =By k A3 =g kS, A% = Bk

23 3 >

(12)

13

B gl 2D (12) _ pl/a gi4 (13 glre la p(13) - 03 _ plra gi/a g2y

43 = K, 48=p0 B0k, 45 =5 B kS, "= Bt By kS (18¢)
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with
Ba= (wf')/fr) s Pr= (wﬁs)h) )

Apart from a phase factor * 1, the dimensioned shift parameters are given by
k(29 = W1 K3, (19a)
P =W Kh—We) k3. kP =— WO kD+ W kD, kP =w(0) k- W) k3, (19b)
K =WE) kh—WE) kD, kP == WE) Kh+ WE) kG, K5 = KE) kiR — W) k35, (19¢)
kP =wE) k= WO kD, kP =-WE) KB+ W) kD, K5 =WQO)kZ—- W@ kD (19d)

Here W(}) and W(; ) are, as before, minors of the orders 2 and 1 of the rotation matrix W. In terms of the
three Eulerian angles @, 0, y, the corresponding determinant is [3]

cos @ cos ) cos y — sin @ sin y sin® cosf cosy + cos®@ siny — sinf cos y
W(i3)=|—cos® cosfsiny—sin®cosy —sin® cosfsiny+cos®cosy sinfsiny |, (20)
cos @ sin 6§ sin # sin @ cos

where 0=® =27, 0 =y=2rand 0 =60 = n Equation (19a) evidently defines a set of displacements
exactly analogous to (8) for the case N =2, while (19b—19d) have no parallels in the N =2 case. As
before, the normal coordinate rotation W generates from the usual (dimensioned) Franck-Condon shifts
ka3 = col (k\%, k3;, k2}), appropriate for the parallel mode approximation, additional sets of shifts
parameters, the number of which increases with increasing N.

With the aid of (17) we now consider the question of the symmetry of the G.F., (2), for N = 3. Firstly,
we note that if a symmetry associated with an interchange of w; and z; like that symbolised by (15) should
exist, the squared matrix elements of the 2™ compound matrix in (17b) must be equal to the correspond-
ing squared matrix elements of the 1 compound matrix. This implies (cf. (17)) for example that

wH=xw@d, wi=xw(Q
etc.
However, with the help of the determinant (20), we have

WiehH=w@)=cos®sind+W()=—sinfcosy,
W) =W@) =—sin®sinf £ W((3)=sinfsiny

from which it follows directly that an equation similar to (15) which holds for N =2 cannot be real-
ized in the case N = 3. It is further obvious from the relations above that the N =2 symmetry property of
(16) does also not exist in the case N = 3. This is a direct consequence of the properties of the matrices
appearing in (17) which are constructed from the 2" and 1% compound matrices of the 3-dimensional
rotation matrix W* The same holds also for N =4 with obvious generalizations to higher N. For ex-
ample, for four nonseparable modes (N = 4) the invariance of the G.F. (2) with respect to the interchange
w; 2 z; implies that

W()=+w() forall ij=1,234. @1

Furthermore, the 2th compound matrix of W must be either symmetric or must possess certain properties of
an antisymmetric matrix. Since all these conditions are not satisfied, we conclude that the special symmetry
properties of the G.F. for N = 2 are lost in the general case of N = 3.

4 The homogeneous polynomials 4 (W,, ..., w;,Z,,...,Z3) can always be chosen symmetric with respect to the in-
terchanges w; 2 Z, by a proper normalization of the dimensionless shift parameters 4{3;, 4% and 4('* and the inter-
changes 4{), 2 A“Z“ and 4 2 4.
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III. The Line Shape Function

The theory presented in the previous section [culminating in (2)] is directly applicable to the calculation
of the spectral band shape of the electronic transitions in polyatomic molecules. In doing this, we begin
by expanding the G.F. in a multiple-power series in the polycyclinder Cy(0,1) [|z;| =1, |w| <1,
i=12,...,N]>

o] e}

GyW1, oo Whs 21 Zn [ (AR5 1B B = 2 > InGe w1450
0

(Bis By}) wi...wirzir. 2. (22)

The quantity 7y, which will be used below to express the intensity distribution associated with electronic
transitions in polyatomic molecules, is the intramolecular distribution (ID) of the dimensionality N. It ex-
presses the relative transition probability of going from a single vibronic component |sm;my, ..., my),
into the ground state manifold |/n,...,ny) and, vice versa, in absorption. For N =2, the relation
between these transitions is governed by the following equation,

L@ 12) (12 1 p=

I (’11»"2 47, 4% B, B )_ (m],mz A\2,48% g B

2 12 12). - 1 2) 0 p-l 1]
my,my | A8, 4875 Ba, o a\y, 43" B, Bz

which follows directly from the symmetry of (15) by applying (22). (23) allows us to predict the spectral
band shape in absorption, if the spectrum in emission is known and vice versa. Particularly, (23) shows
that the conditions for the occurrence of mirror symmetry of absorption and emission spectra are
@=0(43=4"?) and g;=1 (i=1,2). This can be fulfilled only in purely linearly interacting systems.
For system with N = 3, which contain quadratic interaction terms, a symmetry of the type (23) does
not exist (as pointed out in the previous section), and consequently there is no relationship between
absorption and emission.
Returning now to (22), we have

my,...,my| § qiy...0p Y. 1y
Iy G w4500 0 B Bi)) =

(23)

2
ny, ny

1 ( am+nGN
I’_VI ondl] owim ... ow oz, 3z /o
i=1

which, in principle, is mathematically simple but, in practice, tedious to perform. Therefore, in [2] four-
term recurrence equations have been derived which enable us to calculate the values of Iy for arbitrary
numbers m; and n,. As an illustration of such calculations, we consider the [, distribution for
my=msy=0

(Figure 1). The linear shift parameters k{3 are chosen appropriatly for strongly coupled states (strong linearly
interacting system). The curves in Fig. 1 are loci of equal values of I,. As the angle @ of rotation varies, the
curves move in the ny, n; plane running for special values of @ close to the n; axis or close to the n; axis.
Note that the @-dependence of I arises from inclusion of the mixed quadratic interaction term U{3, as pre-
viously mentioned in Section IL

If one or both of the m; numbers differ from zero the surface of I, is still more complicated; it then
possesses two maxima for m;=1, my=0 (m; =0, my=1), four maxima for m; = m,= 1, three maxima
form; =2, my=0 (m; =0, my=2), etc.

For smaller linear displacements k') (weakly linear interacting system), it is difficult to present the I,-sur-
face graphically. In this case, the intramolecular distributions have appreciable values only near the 0—0’
line reflecting the increased overlap of the wavefunctions in the vicinity of n; = n, = 0. In order to investigate
this behaviour, we prefer a presentation of I, by means of the spectral line shape function given by (1). By

5 This is possible, since the G.F. represents an analytic function in Cy (0.1).
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substituting (22) in (1), and returning to the time dependent representation of G, we easily find that

f(w)=(1—exp (h @7k T)) (1 - exp (h ©$/k T))

o0 0

2yexp [~ N (m; 0 + my $))/k T

(24)
412, 43 BB

x 2

my, m2=0 ny, ny=0 ((U -Q - m, Cl)(ls)
where we have restricted ourselves to the case N = 2
in the calculation presented below. In writing (24),
we have tacitly assumed that the initial state is the
electronically excited state. The line shape in ab-
sorption analogously can be calculated replacing
o with »!” in the Boltzmann factors in (24) and
invoking the symmetry property of 7, (see (23)).

In order to get a visual idea of what complicated
situations arise when mode mixing takes place, we
illustrate in Fig. 2, via (24) the line shape f(w) for
several angles of rotation @. The spectra are cal-

—myws +n, w(ll) + n, cug))2 + 4?

0
6 £h=40, 82- 20
w,® = 450cm”! ®=10°
N @ e s00em! o002
0015
*) = 1000cm™"
12+ ol L gsoem-! 001
t 0005
@ =0°.180°
184
0 1 1 a L 1 : | 1 1 1
9300 9 =60°
0 1 1 1 1 1 1
n 4 0005 00 1 |
0015 003 J
6 002 00
00
01 9 -90° 9 =120°+60)
12 0005
18
N R S
6 12 18 24 n, 6 12 18 24
) 42
my,my| 4y, 475 By, B,

Fig. 1. Contour map of I ( ,

5 nyny | A(D,4897 By, By
for strongly coupled electronic states (large Franck-Con-
don displacements 49). The mixed quadratic interaction
term is varied by changing the angle of rotation @ (taken
in counterclockwise direction). Other spectroscopic param-
eters are indicated in the figure.

ny my
2
ny ny

12 12)° %
As )’A(2) BIZ’ﬂZI

culated for weakly linear (4{) = 1.0, 42 =0.5) and
quadratic interactions, of moderate strength
5,=0.9, B,=1.25, f1,=0.36, B = 3.0) where the
mixed quadratic interaction term is varied by
changing the angle of rotation @ (cf.(7)). As may be
seen in Fig. 2a, the spectrum is dominated by the
0—0’ line and by progressions in the two accepting
modes. The intensity distribution within the pro-
gressions is governed by the ID. Apart from these
lines, a large number of combination-lines can be
assigned. In contrast to the parallel mode ap-
proximation (at @ = 0), there are two extreme situa-
tions with predominantly single mode progressions.
Thus, at @ = 15°, the progression in ®!? =100 cm™
of the first accepting mode dominates, while the
second mode with the frequency »{? =240 cm™" is
suppressed. At @ =110° (—70°), the reversed
situation is observed. This allows us to conclude
that in these situations, the 2-dimensional ID
behaves as an ID of the dimensionality one being
distributed first mainly along the n; axis and then
along the n, axis; this is an effect which we have
already portrayed for strongly coupled states (large
linear interaction terms 4{) in Figure 1. For other
angles of rotation (for example @ = 60°), the lines
(peaks) in the spectrum are more or less scrambled.

As a further striking aspect of mode mixing, we
note an appreciable spread or broadening of the
over-all spectral band-shape (on the low-energy
side) as the angle & increases. This is illustrated
by a considerable enhancement of the number of
members in the single mode progression from 3 for
@ =15° to about 8 for @ =110° (—70°); this ef-
fect has already been observed for strongly coupled
states [2].

As the temperature is raised, the individual lines
in the spectrum broaden, the peak intensity de-
creases and the low-energy side of the spectral band
becomes uniformly smoothed. Simultaneoulsy, the
thermal population of the initial (excited) levels
contribute to the transitions, localised on the high-
energy side of the spectral band. The structural
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Fig.Za. Highlz\{ resolved (y=10cm™") zero-temperature spectral band shape calculated for weakly coupled states
(A,'2’= 1.0; A§2h= 0.5). The strength of the mixed quadratic interaction parameter (expressed in terms of the angle of
S

rotation @) is

nature of the spectrum is, however, essentially un-
changed (see Figure 2b).

The examples presented above should provide
some idea of how the ID technique may be useful
in interpreting the complexities observed in real
molecular spectra.
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own to influence the shape considerably. Some of the vibronic components have been assigned.

Appendix

In polyatomic molecules, the normal coordinates
of one molecular (electronic) state are expressed in
terms of those of the other states as pointed out by
Duschinsky [4]. In particular, we have

¢=Wq'+ky y. (A1)

where (s) and (/) denote excited and ground elec-
tronic states, respectively and N is the number of
nonseparable modes. This can be carried out by the
matrix method of Wilson et al. [5]. In this approach,
the relationship between the mass-weighted Carte-
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Fig. 2b. The same as Fig. 2a at room temperature (7 = 300 K and for y = 10 coth (200/7)).

sian displacements 4R and the normal coordinates g
is given by

AR'=L'¢g, (A2)

where L’ is the orthogonal transformation 5 that
diagonalizes the force constant matrix in terms of
mass-adjusted Cartesian coordinates. The analogous
expression for the excited electronic state (s) is

AR =L ¢ (A3)

6 The L’ matrix corresponds to the (/'); matrix in the
Wilson-Decius-Cross notation (see [5], Chapter 2). Faulk-
ner and Richardson use the notation U for L.

The connexion between 4R° and AR’ is [6]

AR'= AR+ (R{ - R}) (A4)

where R§(R§) denotes the equilibrium position of
the molecule in the ground (excited) electronic
state. Note that in (A1—A4), as in the following
equations, boldface letters are column vectors, or

square matrices. From (A2—A4), we have
¢ = (L9 L' ¢+ (L) (R§— R) (AS)

because of the orthogonality of L*(L").
On setting W = (L*)* L' and

ki> y=(L")*(Rj—R§)
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(AS) is reduced to (Al). In (A5), L'" is the
transpose of L".
In the normal coordinates ¢/, the vibrational
Hamiltonian is
h=1p'++q'D'q, (A6)
where p’ is the momenta conjugate to the normal co-
ordinates q' (p}=— i h9/d¢q/) and D' is the diagonal
matrix of vibrational eigenvalues obtained by
diagonalizing the mass-weighted Cartesian force
constant matrix for the ground electronic state F/
D'= (L')* F'L' = diag (0", ..., (). (A7)
Analogously, we have for the excited (electronic)
state

hs= % p.\" 4 _; q.\'* D* q.\' (A 8)

with

D' = (L")* F " = diag (0!, ..., %) . (A9)

On returning to the transformation (AS), we easily
see that

p’=(L*)*L'p’. (A10)
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